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Some constraints on inflation models with power-law potentials
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We investigate inflation in a closed Friedmann-Robertson-Walker universe filled with the scalar field with a
power-law potential. For a wide range of powers and parameters of the potential we numerically calculate the
slow-roll parameters and scalar spectral index at the epoch when the present Hubble scale leaves the horizon
and at the end of inflation. Also we compare the results of our numerical calculations with recent observational
data. This allows us to set a constraint on the power of the potential:a&(3.5–4.5).
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I. INTRODUCTION

Inflation, the stage of accelerated expansion of the U
verse, first proposed in the beginning of the 1980s@1#, nowa-
days receives a great deal of attention as well. In our pr
ous paper@2# we investigated the generality of inflation for
wide class of quintessence potentials and noted that the
teria we used is insufficient to decide about the inflationa
of the model with a given potential. So in this paper w
proceed with the investigation of closed Friedman
Robertson-Walker~FRW! models, but using power-law po
tentials only. In this way we calculate the spectral indic
slow-roll parameters, and other values on the epoch, w
the present Hubble scale leaves the horizon and at the en
inflation, to compare our constraints with earlier obtain
results and with observation data. This allows us to m
some constraints on FRW models with a scalar field, on
tentials of the scalar field and on parameters of these po
tials. Since, due to inflation, the Universe becomes flat v
quickly our constraints are applicable to the flat case as w
If one supposes that the same potential describes both
inflationary stage in the early Universe and accelerat
nowadays we can compare our constraints with constra
on the quintessence potentials~see e.g.@3,4# or @5–7# for
review of the problem!.

Another aim of this paper is the investigation of the infl
ence of the initial conditions on inflation dynamics in th
case of closed FRW models. Really, in the case of an initi
flat universe we have only one degree of freedom—how d
primordial energy density distribute between kinetic and
tential terms? But in the case of the initially closed Unive
we have at least one more degree of freedom—the distr
tion between curvature and initial expansion rate terms.
our second aim is in studying these two distributions, co
paring them to each other, and investigating how they ac
inflation.

II. MAIN EQUATIONS

The equations describing the evolution of the Universe
a closed FRW model are
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50,

and the first integral of the system is

3mP
2

8p S ȧ2

a2
1

1

a2D 5S V~w!1
ẇ2

2
D ,

wheremP51/AG51.231019 GeV.
And we use thetrigonometrical~angular! parametrization

(f,H0) of the space of initial conditions:

3mP
2

8p S H0
21

1

a2D 5mP
4 , H0

21
1

a2
5

8pmP
2

3
, ~1!

H0PF0;A8p

3
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ẇ2

2
5mP

4 , V~w!5mP
4cos2f,

ẇ2

2
5mP

4sin2f, fPF2
p

2
;
p

2 G .
Our method is as follows. As in@2# we start from the

Planck boundary for a given pair of initial conditions (f,H0)
and then numerically calculate the further evolution of t
Universe through inflation. Also we calculate scalar spec
index and slow-roll parameters during the evolution of t
Universe. And since the Universe becomes flat very quic
due to inflation, we can use the usual determination for sc
spectral index. There are two expressions for it—first or
@8# and second order@9#—and we use second order resu
for more precise calculations. Also one can express th
using potential slow-roll approximation~PSRA! @8,10# and
Hubble slow-roll approximation~HSRA! @11# ~see@12# for
details!. Equations for slow-roll parameters are

for PSRA

eV~w!5
mP

2

16p S V8~w!

V~w! D 2

,
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FIG. 1. The dependence of the number ofe-foldings a universe experienced during inflation on the initial conditions for the ang
parametrization. It is clear that the dependence onf @~a! for the case of positivef and~b! for the case of negativef] is stronger that the
dependence onH ~c! ~see text for details!.
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hV~w!5
mP

2

8p

V9~w!

V~w!
,

for HSRA

eH~w!5
mP

2

4p S H8~w!

H~w! D 2

, hH~w!5
m̂P

2

4p

H9~w!

H~w!
,

and forns , respectively,

ns5126eV12hV1
1

3
~44218c!eV

21~4c214!eVhV1
2

3
hV

2

1•••, ~2!

ns5124eH12hH22~11c!eH
2 2

1

2
~325c!eHhH

2
1

2
~32c!hH

2 1•••, ~3!

where c[4(ln 21b)25.0.08145 with Euler-Mascheron
constantb. So we calculatens by both these cases and com
pare them to each other. Also we calculate slow-roll para
eters and compare them at the epoch when the pre
Hubble scale leaves the horizon for different potentials a
for different parameters of the potentials.

Since the purpose of our paper is to set constraints
inflation models, we compare results of our numerical cal
lations with constraints onns and other values from exper
ments. In particular we compare them with results obtain
in Ref. @3#; so we need to introduce horizon-flow paramet
e1 , e2 ~see@13,14# for more details!:

e1.
mP

2

16p S V8

V D 2

, ~4!

e2.
mP

2

4p F S V8

V D 2

2
V9

V G . ~5!

To compare our constraints with@3# we need to localize
the moment during inflation when the present Hubble sc
leaves the horizon. It took place at about 60e-folds before
the end of inflation~@15#, see also@16# for details!. This
value is model-dependent and it depends also on the
inflation ends so to simplify we use two values for this: 62
02130
-
nt
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n
-
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s

a bound value and 50. And so we calculate all parameter
these two epochs: 62 and 50e-folds before the end of infla-
tion. For further use we denote this value asNhor.

III. POWER-LAW POTENTIAL

First, let us describe the dependence of the numbe
e-foldings the Universe experienced during inflation on in
tial conditions. To illustrate this we plotted in Fig. 1 th
dependence onf and onH separately; to realize the whol
picture one needs to multiply these functions. So in Fig. 1~a!
there is a dependence of the number ofe-foldings the Uni-
verse experienced during inflation onf for negativef, in
Fig. 1~b! the same but for positivef, and in Fig. 1~c!, on
H0. From Figs. 1~a! and 1~b! one can also see the influenc
of the sign of initialẇ—positive f corresponds to positive
initial ẇ and negativef corresponds to negative initialẇ.
For instance, forH05H0[max] , the flat case, measure of tra
jectories experienced insufficient inflation~the case when the
Universe experienced inflation but the number ofe-foldings
is less than 70! is about 2.26° for negativef and about 1.49°
for positivef ~so for the flat case the Universe experienc
sufficient inflation for287.75°,f,88.51°; in Figs. 1~a!
and 1~b! the dashed line corresponds namely toN570
e-foldings!.

From Fig. 1 one can also learn that the dependence of
number ofe-foldings onH0 is many times weaker than th
dependence onf. Really, f determines the initial distribu-
tion of the energy between kinetic and potential terms a
since the Universe very quickly reaches the slow-roll regim
it determines the energy density at the beginning of inflati
Also during reaching the slow-roll regimeH becomes large,
so H0—the initial value of H acts weakly on the energ
density at the beginning of inflation.

Power-law potentials are well studied and they lead
‘‘chaotic inflation’’ @17#. One can really use them as the i
flation part in potentials like those considered by Peebles
Vilenkin @18#. They have also attracted attention for some
their properties@19,20#.

We consider power-law potentials of a kind

V~w!5
lwa

a
5l* S w

mP
D a

, ~6!

and our results are as follows. In Fig. 2 we plotted positio
of the models with different powers on the (e1 ,e2) plane in
1-2
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FIG. 2. Positions of models
with different powers of power-
law potentials on (e1 ,e2) plane in
the case ofNhor562 at ~a! panel
andNhor550 at ~b! panel.
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the case ofNhor562 at ~a! panel and in case ofNhor550 at
~b! panel. By comparison these plots with bounds on (e1 ,e2)
plane obtained in@3# from 2dF and WMAP data one ca
make a constraint ona asa&4.8 in the case ofNhor562 and
a&3.5 in the case ofNhor550.

Another constraint on powera can be obtained from Fig
3. In Fig. 3 we plotted the dependence ofns : calculated in
PSRA @see Eq.~2!# we denoted as[V]ns and calculated in
HSRA @see Eq.~3!# we denoted as[H]ns . Using bounds on
ns @21#: ns50.9960.04 ~WMAP only! and ns50.9760.03
~WMAP1ACBAR1CBI12dFGRS1La -forest! one can set
a bounda&4.5 in case ofNhor562 anda&3.8 in case of
Nhor550. One can see these two constraints—fromns and
the previous one—are close to each other.

Now let us set a constraint onl* . To do this we can use
results obtained from COBE data in@14#:

3,
Vinfl

1/4

1015 GeV
,29, ~7!

and we calculate these values at the end of inflation. A
defining K(a)5(wend/mP) one can obtainVend5l* Ka(a)
and after substitution of Eq.~6! to Eq. ~7!:

l2* ,l* ,l1* ,

where

l1* 53.4310211mP
4K2a~a!,

l2* 53.9310215mP
4K2a~a!.

FIG. 3. The dependence ofns , calculated in PSRA and HSRA
~see text for details!, on powera in the case ofNhor562 at~a! panel
and in the case ofNhor550 at ~b! panel.
02130
r

One needs to keep in mind the relation betweenl andl*
to recalculatel* into l and inversely:

l5
al*

mP
a

, l* 5
lmP

a

a
.

Another test, also linked with COBE normalization@22#,
is about the density perturbation spectrumAS(k):

AS
2~k!5

512p

75

V3

mP
6V82U

k5aH

, ~8!

and this value is calculated on the epoch when the pre
Hubble scale leaves the horizon. Also we can define
value of the field on this epoch aswhor5L(a)mP and so
rewrite Eq.~8! using Eq.~6! as

AS
25

512p

75mP
4

l* La12~a!

a2
.

Let us remind the reader that according to COBE data
value is aboutAS'231025. Using it one can get anothe
estimation forl* :

lAS
* 5

331028mP
4a2

512pLa12~a!
.

Finally, in Fig. 4 we plotted the dependence of bothl1*
andl2* on a and the dependence oflAS

* on a. The range of

possible values ofl* due to Eq.~7! @14# is between curves
l1* and l2* . We plottedlAS

* for casesNhor562 andNhor

550. One can see from Fig. 4 that in the case ofNhor562
we have a constrainta&3.5 and in the case ofNhor550 we
have a constrainta&4.0.

IV. CONCLUSIONS

So we reached our aim—we set some constraints
power-law potentials and their parameters. We calculated
whole evolution of the Universe during inflation for a wid
range of initial conditions, parameters of power-law pote
tials ~power a and l), and set some constraints on powe
law potentials and on their parameters. Also we compa
our constraints with results obtained from the recent cos
1-3
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microwave background~CMB! data and large scale structu
~LSS! data@3,16,15#. As we noted above for an epoch whe
the present Hubble scale leaves the horizon we have
two values—62e-folds before inflation ends and 50e-folds.
And 62e-folds is bound value in the sense that other poss
values are smaller than 62. We used 50e-folds namely as an
example of such a value and to demonstrate what can ha
with ns , e1 and other values if we use a lower~than 62!
number ofe-folds before the end of inflation to determine th
epoch when the present Hubble scale leaves the horizon.
result we obtained isa&(3.5–4.5). The exact value is ver
model dependent. It depends on many factors: first on
way inflation ends—this determines the epoch when
present Hubble scale leaves the horizon. From figures
can see how it acts on the results. Also it depends on
observation data—to make our constraints more precise
need more precise observation data. But even with these
certainties our constraints are harder than some results
tained from the CMB and LSS data@3,15,16#.

One can see that our numerical results differ somew
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